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1. INTRODUCTION

One way to do mathematics (and sometimes also physics) is to start with a space, extract
some numerical invariants from it, then package these numbers into functions, and study those

functions using algebra. This course should illustrate this point of view.

2. FIRST EXAMPLES (PRACTICE 1-2)

We would like to calculate some examples to get experience.

For any m € Z and n € Z~q, we would like to calculate

n

fm(xl,...,xn)zz zi’

1
= [l=1(mi — )
i#i

Note first, that for all m > 0 f,,, must be a polynomial in z1,...,z,. Indeed, let
P(zy,...,xn) = fm(z1,...,Tp) H (i — x5).
1<i<j<n
Then P is a polynomial in x1, ..., x,. Moreover, it is antisymmetric (permuting any two variables

changes its sign). This implies that P vanishes when any two variables coincide. This implies
that P is divisible by x; —x;. So P must be divisible by the product of all the differences x; — z;

(because the polynomial ring is a unique factorization domain). Therefore

P(xl,... ,(L‘n)
fm(x1, . mp) =
H1§i<j§n(mi — x5)

is a polynomial.
For 0 < m < n — 2 we must have f,;, = 0 because otherwise the degree of f,, ism—n+1 <0,

which is impossible for a polynomial.

Note also that
n
fm(CEIl? .. ,90;1) = (71)71_1 (H ml) fanfma
i=1

so if we calculate f,, for m > n — 1, we obtain f,, for m < —1, and vice versa.

We now can use two approaches.
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2.1. Approach 1. The first approach uses complex analysis and goes by computing residues of
the following function, viewed as a function of ¢.
tm
Om(T1,. .., 2n;t) T =)
The total sum of the residues must be zero. The sum of the residues in t = x1, ..., 2, gives fm,
so the residues at 0 and oo allow us to compute fp,.

2.2. Approach 2. The second approach uses only algebra. The main idea of the second approach
is to expand the following function as a power series in ¢:

n
1
E E t"
(10('%'17 7':Una _t>H] 1 _xj — f m—1,

=1
J#i

and show, on the other hand, that

(1, ..., t) = H

This gives the formula

n -1
fomo1(z1,... @) = (=11 <H $Z> Z x Mz,
=1

ai,...,an >0
a;=m
so we have f,, for m < —1.
2.3. Result.
hmfnJrl(wla---axn) (mzn_l)v
@i, w0) = 4 0 (0<m<n-2),

(D" (T o) hemea (e hag) (m< 1)
2.4. Calculations in SAGE. During the course, we would like to do some examples of calcula-
tions in SAGE (http://www.sagemath.org/). I prefer to use SAGE in command line, but it is
possible to use web-interface, and even the free online inteface at http://sagecell.sagemath.
org/l
To begin, let us first verify our formula for the functions f,,. Take n = 4.

sage: R.<x1,x2,x3,x4>=QQ]]

sage: xx=[x1,x2,x3,x4]

sage: def f(m):

return sum(xx|[i] " m/prod(xx[i]—xx[j] for j in
range(4) if jl=i) for i in range(4))


http://www.sagemath.org/
http://sagecell.sagemath.org/
http://sagecell.sagemath.org/

4 SYMMETRIC FUNCTIONS IN GEOMETRY

sage: f(1)

0

sage: f(2)

0

sage: f(3)

1

sage: f(4)

xl + x2 4+ x3 + x4
sage: f(5)

x172 + x1*x2 + x272 4+ x1*x3 + x2*x3 + x372 + x1xx4 + x2xx4
+ x3%xx4 + x4°2

sage: f(—1)

(—=1)/(x1*x2xx3%x4)

sage: f(—2)

(—x1%x2%x3 — x1*x2xx4 — x1*x3*%x4 — x2xx3%x4)

/(x172%x2"2%xx3"2xx4 " 2)

sage: f(—2).subs(x1=1/x1,x2=1/x2,x3=1/x3,x4=1/x4)
—x1"2%x2%x3*x4 — x1%x2"2xx3*xx4 — x1*x2%x3 " 2%xx4

— x1xx2*%x3%xx4"2

sage: factor(.)

(=1) % x4 % x3 % x2 % x1 * (x1 + x2 + x3 + x4)

sage: f(—3).subs(x1=1/x1,x2=1/x2,x3=1/x3,x4=1/x4)
—x1"3*%x2*xx3*%x4 — x1"2%xx2"2xx3*xx4 — x1*x2 " 3xx3xx4

— x172%x2%x3 " 2xx4 — x1*x2 2%xx3 " 2xx4 — x1*xx2%x3 " 3xx4
— x172%x2%x3*%x4"2 — x1%x2 " 2xx3%x4"2 — x1*xx2%xx3 2xx4"2
— x1*x2%x3%x4"3

sage: factor(.)

(—=1) * x4 % x3 % x2 % x1 * (x172 + x1%x2 4+ x272 + x1x%x3
+ x2%xx3 4+ x372 4+ x1*xx4 + x2xx4 + x3xx4 + x4°2)

sage :

Next we try to express ¥ + x5 in terms of ej, e to illustrate the proof of Theorem Note
that SAGE automatically displays polynomials in such a way that the main term comes first.

sage: R.<x1,x2>=QQ[]
sage: el=x1+4x2

sage: e2=x1x*xx2
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sage: pdH=x1"H+4x2"5H

sage: po
x1°5 + x275
sage: el”H

x175 4+ 5xx1"4xx2 + 10xx1"3%x272 4+ 10xx1"2xx2"3 + bxx1xx2°4
+ x275

sage: po—el’5

—5xx1 "4xx2 — 10%xx1"3*%x2"2 — 10xx1"2%xx2"3 — bxx1xx274

sage: e2xel”3

x1"4xx2 + 3*xx1"3*%x2"2 4+ 3xx1"2xx2"3 + x1%xx2"°4

sage: po—el 5+e2xel " 3x%5

5¢x173%x2"2 4+ Hxx1"2%x273

sage: pb—el 5+e2xel " 3xb—bHxe2 2xel

0

The same formula does not work for three variables, so we need more terms, involving es.

sage: R.<x1,x2,x3>=QQ]]

sage: pd=x1"5+x2"54+x3"5H

sage: el=x1+x2+x3

sage: e2=x1xx2+4x1*x3+x2*x3

sage: ed=x1x*xx2xx3

sage: pb—el b+e2xel "3xb—bHxe2 " 2xel

5xx1"3xx2xx3 4+ H*xx1 " 2%x2 " 2xx3 + Hxx1xx2"3*x3

+ 5#x1"2xx2xx372 + Hxx1*x2"2%x3"2 + Hxx1*xx2%xx3"3
sage: e3xel "2

x173%x2%x3 + 2xx1"2%x272%xx3 4+ x1%x2"3%x3 + 2xx1 " 2%xx2%xx3"2
+ 2xx1%x2"2%x372 4+ x1%x2%x3"3

sage: pb—el 5+e2xel " 3xb—>Hx%e2 2xel —5xedxel "2
—5xx1"2%x272%x3 — Hxx1"2*xx2*xx3"2 — Hxx1xx2"2xx3"2
sage: pb—el 5+e2xel "3xb—5Hx*xe2 2xel —5xed*xel "245xedxe2
0

SAGE can be used, for instance, to list all partitions.

sage: Partitions (5)
Partitions of the integer 5
sage: list(Partitions(5))
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3. BASIC ALGEBRA OF SYMMETRIC FUNCTIONS (LECTURE 1)

The base field is C, but in most cases can be anything.

Definition 3.1. Let n € Z>o. A symmetric function in n variables is a polynomial f €

Clx1, z2, . .., xy,] satisfying any of the following equivalent conditions:
(1) f(@1yee e Tim1y X1, Ty Tig 2y - - Ty) = f(x1, .. xy) fori=1,2,...,n— 1.
(i) f(z1,..., 25, .. iy 2n) = f(o1, ..., 24, ..., 2, ..., zp) for any pair 1 <i < j <n.
(i) f(Tr1), Tr2)s- > Trm)) = f(21,...,2p,) for any permutation 7w € Sy,.

The space of symmetric functions in n variables is denoted by Sym,,.

Suppose ai,...,a, € Z>o. Denote by coefly, . 4, f the coefficient of the monomial z{* ...x%"
in f. This gives a linear map

coeffy, .. 4, : Sym, — C.

For any permutation 7 € S, and any f € Sym,,, we have

coeffy, o, f= Coeffa,rm,...,a,,(n) f

So it is enough to consider a1 > a9 > ... > ay.

One can write any f € Sym,, uniquely as follows:
f:f(0)+f(1)+f(2)+... ,
where f(@ contains only monomials of total degree d. Denote the space of symmetric functions
of degree d by Sym?.
3.1. Monomial basis.
Proposition 3.2. Let P(n,d) be the set of n-tuples of integers a = (ay,...,a,) satisfying a; > 0
and Y iy a; = d. |P(n,d)| denotes the number of such tuples. Then the map
Sym? — Pl f — (coeffy f | a€ P(n,d))

s an isomorphism of vector spaces.

Proof. Injectivity is clear. Surjectivity follows from the following construction. Let a € P(n,d).
Denote

!
ay a’
Me(T1, ..., 2n) = E xy ' an,

’ /
Aq5eeQp
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where the sum goes over all distinct permutations of the sequence (ay,...,ay). Then we have for
all b € P(n,d)

1 (b=a)
coeffy my, =

)
—

S
e

S
~—

g

The above proposition in particular means that m, where a goes over the set of sequences
a=(ay >ay>--->a, >0) form a basis of Sym,,.

3.2. Elementary symmetric polynomials. These are defined for k =1,2,...,n by

ep(T1, ..., xy) = Z Tiy Tig -+ * Ti -

1<i1<i2<...<ip<n

We have

Theorem 3.3. The ring of symmetric functions is isomorphic to the ring of polynomials in the
elementary symmetric polynomials. In other words, for any f € Sym,, there exists a unique

polynomial in n variables g such that
flay,... xn) =gler(z1, .y xn),e2(x1, ooy Zn)y ooy en(T1, ..y Tp)).

Proof. Without loss of generality assume 0 # f € Syme. The main idea is to look at the main
term. Write f as the sum of terms, where each term is a monomial in x1,...,x, with some
non-zero coefficient in C. The main term is defined as follows:

Choose all terms where the power of ;1 is maximal, among those choose all terms where the
power of x5 is maximal, and so on. In the end of this procedure only one term will be left. This
is is the main term.

In other words, the main term is the first term in the reverse lexicographic order.

The strategy is to cook up a product of e; is such a way that the main term will be the same
as the one of f, and then subtract it from f. Then proceed by “killing” the remaining main term
and so on until we get zero.

We can find that

main term(e’ileg2 b)) = x?1+b2+"'+b"1:32+"'b" coegbn,
So to kill the main term with z* - -- 2% we use by = a1 — ag, ...b; = a; — ajy1,...bp = ap.

Another way to look at this construction is as follows. Let us form a matrix by decomposing

the products elil ---eP» in the monomial basis. Order the elements of P(n,d) in the reverse

n
lexicographic order, so that we obtain a sequence of tuples a® . a@ .. For each i compute the

tuple b® by the rule above. The matrix is defined by

(4) i
b (@)
M;; = coeff e, ---ebn.
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The matrix is upper triangluar with 1 on the diagonal. Therefore it is a linear isomorphism,
which is equivalent to the statement of the theorem. O

4. SYMMETRIC FUNCTIONS IN INFINITELY MANY VARIABLES (LECTURE 2)

4.1. Construction. For a fixed d € Zx>( consider the sequence of spaces and maps between
them:

Sym? < Sym¢ « Symd « --- |
where the maps are given as follows (res stands for “restriction”):

resy, : Sym‘fl — Symg_l, res, f(x1,...,2n) = f(21,...,2n-1,0).

Definition 4.1. A symmetric function of degree d in infinitely many variables is an infinite
sequence f1, fa,... where f, € Symi such that for any n we have

fno1 =res, fn.
The space of symmetric functions of degree d in infinitely many variables is denoted by Symgo.
Proposition 4.2. Ifn > d then Symffo = Symﬁ.

Proof. Look how res,, looks like in the monomial basis:

0 (an # 0)
resn, May,....an =
May,....an—1 (an =0).

So we have that res, is surjective for any n, and its kernel is the span of mg, 4, where a; >

n

ag > -+ > an > 0. In particular, if n > d the the kernel is zero, so res, is an isomorphism. For
any n > d an element f € SymgO is completely determined by its component f,. ]

Sometimes we consider symmetric functions of “mixed degree”:

Definition 4.3. A symmetric function in infinitely many variables is a sum for some d
F=fO 4O @)

where f() e Symfx).

4.2. Monomial and elementary symmetric functions.

4.2.1. Notations. A partition is a sequence of integers Ay > Ao > ... > A\, > 0. We call m the

length and denote it by I(A). The sum Zi(:)\l) A; is called the size and is denoted by |A|. The set

of partitions is denoted by P. The notation A F n means that A is a partition of size n.

For any A € P, the corresponding monomial symmetric function in infinitely many variables is
defined by

m)q,...,Al()\),O,m ,0($17 cee 7xn) (n 2 Z(A))

ma(z1, ..., Tn) = 0 (n <IU(A)).
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It is easy to check, that setting the last variable x, equal to zero, we obtain the corresponding
function in n — 1 variables, so the condition of Definition is satisfied. Thus we obtain a
symmetric function in infinitely many variables.

Using Propositions and we obtain

Proposition 4.4. The elements my € Sym,, where \ goes over the set of all partitions P form
a basis of Sym .

We also define for k = 1,2, ...

ep(T1, ..., xy) =

Again, this gives a well-defined element of Sym .
Using Proposition we extend Theorem [3.3] to symmetric functions in infinitely many vari-
ables

Theorem 4.5. Any element f € Sym_, can be uniquely written as a polynomial of ey, ea, .. ..

It is convenient when writing symmetric functions in infinitely many variables not to mention

the number of variables at all.

5. RELATIONS BETWEEN ey, hy, pr, (LECTURE 2)

We also introduce the complete homogeneous symmetric polynomials
hi(z1,22,...) = E Ty i =+ Tiy,
11 <0< <ig

and the power sums

pk(xl,l'g, .. ) = fo
7

The following relations are quite easy to prove:

Pk = ML),

where (k) denotes the sequence consisting of a single number k.

To show more algebraic relations connecting ey, hy, pg it is convenient to use the formal power
series ring Sym[[¢]]. Then we have
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Proposition 5.1.

1 Prt
1 hyth =
o = o e (X0 )

k=1

o0
1
1+ (—D)repth = ——
Z:( K 1+ 552 hytk

o0 t o0
kZ = = log (1 + thtk> = —log <1 + ;(—1)’%;&’“) .

Proof. Each of these identities corresponds to an infinite sequence of identities, and to show each
of them, by Proposition it is enough to check the corresponding identity for finitely many
variables. We clearly have

n

1_[(1—7535Z = io: ek ml,...,xn)tk

=1 =

and

n

(5.1) Hl_ltx —1+th T1,. ..tk

k=1

This implies the first identity. Furthermore, we have

n 1 n oo Zmgm o0 pmtm
— ? _
log <H1—mz) Zlog< m)—ZZ m —mZ:lm

i=1 m=1
Putting these together and using the fact that exp is inverse to log we deduce all these identities.
O

These identities allow us to express hg, pg, ex in terms of each other. Therefore we have
Corollary 5.2. Any element f € Sym_, can be uniquely written as a polynomial of hy, ha, .. ..

Corollary 5.3. Any element f € Sym, can be uniquely written as a polynomial of p1,pa,.. ..

6. ALGEBRAIC MANIPULATIONS (PRACTICE 3-4)

6.1. Conversion from monomial to elementary symmetric functions. We continue to

illustrate proof of Theorem Let us compute the matrix

p{) (0
M; j = coeff ;) e;" ---en

We pick n = 4 (the size of the partitions) and list all partitions n in the reverse lexicographic

order:

sage: n=4
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sage: ps=list (Partitions(n))

sage: pS

[[4], [3, 1], [2, 2], [2, 1, 1], [1, 1, 1, 1]]
sage: sorted(ps)

([, 1, 1, 1}, [2, 1, 1], [2
sage: list (reversed(sorted(ps)))
[[4], [3, 1], [2, 2], [2, 1, 1], [1, 1, 1, 1]]
sage: ps=list (reversed (sorted(ps)))

Next we write a function that turns a partition A into the corresponding sequence a:

sage: def lambda2a(lam):

res = |[]

for i in range(len(lam)—1):
res.append (lam[i]—lam|[i+1])
res.append (lam[—1])

return res

sage: lambda2a ([3,2])

(1, 2]
sage: lambda2a ([3,1])
(2, 1]

Remember that this means that the main term of ele% is m3 2, the main term of 6%62 is m3 1. Let

us verify this. We implement elementary symmetric functions:

sage: R=PolynomialRing (QQ, names=[’x’+str(i) for i in range(n)])
sage: R

Multivariate Polynomial Ring in x0, x1, x2, x3 over Rational Field
sage: def elementary(k,n):

cet if n<k:

ceat return 0

ceet if n—k:

return prod(R.gen(i) for i in range(n))

cee if k==1:

co return sum(R.gen(i) for i in range(n))

N return elementary(k, n—1) + R.gen(n—1)xelementary (k—1,n—1)
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sage: elementary(1,3)

x0 + x1 + x2

sage: elementary (2,3)

x0*x1 4+ x0*x2 + x1*xx2

sage: elementary(3,3)

x0*x1*x2

sage: elementary (3,4)

x0*xx1xx2 + x0*x1xx3 + x0*x2xx3 + x1*x2xx3
sage: elementary (2,4)

x0xx1 + x0%x2 + x1*x2 + x0%x3 + x1*x3 + x2x%x3

Now we compute the list of a-sequences and for each a-sequence the corresponding product of
the elementary symmetric functions:

sage: aa_list=[lambda2a(lam) for lam in ps]

sage: aa_list

[[4], [2, 1], [o, 2], [1, O, 1}, [0, O, O, 1]]

sage: el_list=[prod(elementary(i+1,n) " ai for i,ai in enumerate(aa))
for aa in aa_list |

sage: el_list

[x07°4 + 4%xx0"3xx1 + 6%x0"2xx1"2 + 4xx0%x1"3 + x174 + 4xx0"3*xx2 + 12xx0
"2xx1xx2 4+ 12xx0%x1"2%xx2 + 4xx173*%x2 4+ 6%x0"2%xx2"2 + 12xx0*xx1*xx2"2
4+ 6xx1"2%xx272 + 4xx0%x2"°3 + 4xx1%x2"°3 + x274 + 4xx0"3%x3 + 12xx0"2x
x1%x3 4+ 12%xx0%x1"2%x3 + 4%xx1"3*%xx3 + 12%xx0"2*xx2%x3 + 24*x0*xx1*x2%x3
4+ 12xx1 " 2%xx2%xx3 4+ 12%xx0%x2"2%x3 + 12xx1*xx2 " 2*xx3 + 4%x2"3%x3 + 6xx0
"2%x372 4 12%x0%x1*x372 4+ 6%x1"2%xx372 + 12xx0%xx2%xx3"2 + 12%xx1%xx2%x3
"2 + 6xx272%x372 4+ 4xx0%xx373 + 4xx1xx3"3 + 4xx2xx3°3 + x3 74,

x0"3xx1 4+ 2%xx0"2%xx1"2 + x0xx1"°3 + x0"3%xx2 4+ 5xx0 " 2xx1%xx2 + Hxx0xx1" 2%
x2 + x173%xx2 + 2xx072*%x2"2 + 5xx0*xx1xx272 + 2xx172*xx2"°2 + x0%xx2°3 +

x1%x2°3 + x073%xx3 + 5*xx0 " 2xx1*x3 4+ Hxx0*xx1"2%x3 + x1"3*xx3 + 5x*xx0
"2xx2%xx3 + 12xx0xx1%x2%x3 + Hxx1 " 2xx2%x3 + Hxx0%x2"2%x3 + Hxxl*x2
"2%xx3 + x273%x3 + 2#x072%x372 4+ Hxx0*x1xx372 + 2xx172xx372 + 5xx0*
x2%x372 4+ Hxx1lxx2%xx372 + 2x%xx2"2%x372 4+ x0%x3"3 + x1xx3"3 + x2%xx3"3,
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x0"2xx172 + 2%x0"2xx1%xx2 4+ 2%x0*xx1"2xx2 4+ x0"2x%xx2"2 4+ 2*xx0xx1%xx2"2 +
x172%x272 + 2xx0"2xx1%xx3 4+ 2*xx0*x1 " 2xx3 + 2%xx0"2*xx2*%xx3 + 6xx0*x1*xx2
*x3 4+ 2%xx1"2xx2%x3 + 2xx0%x2"2%x3 + 2xx1%x2 2%xx3 + x0"2%x372 4+ 2xx0
*x1%x37°2 + x172%x372 + 2xx0*x2*x3"2 4+ 2*x1*xx2%xx3"2 + x2"2xx3 "2,

x0"2xx1%x2 4+ x0xx1"2xx2 + x0*x1%xx2"2 + x0"2*%x1%x3 + x0%x1"2xx3 + x0 2%
x2%x3 4+ 4xx0*xx1%xx2%x3 4+ x1"2%x2xx3 + x0*x2"2%x3 4+ x1%x2"2xx3 + x0x%
x1%xx372 + x0%xx2%xx3"2 4+ x1*x2%xx3 "2,

x0xx1%x2%x3 ]

sage :

We can see that the leading terms x§, 2321, . .. are precisely given by the partitions (4), (3,1),.. ..
Next let us compute the matrix of all coefficients of the products of elementary symmetric func-
tions. We create the list of all monomials:

sage: mon_list=[prod(R.gen(i) ai for i,ai in enumerate(lam)) for lam
in ps]

sage: mon_list

[x074, x0"3%x1, x0"2xx172, x0"2xx1%x2, x0%x1*x2%x3]

And then we create a matrix

sage: M=matrix (len(ps), len(ps))
sage: M

o O O o O
o O O o O
o O O O O
o O O o O
o O O O O

[ ]
[ ]
[ ]
[ ]
[ ]

And finally we put the coefficients into the matrix:

sage: for i in range(len(ps)):
for j in range(len(ps)):
M[i,j] = el_list[i]. monomial_coefficient (mon _list[j])
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[0 2 6]
[0 1 4]
[0 0 1]

As expected, the resulting matrix is upper-triangular with 1 on the diagonal, so it is invertible.

sage: M.inverse ()

[1 -4 2 4 —4]
[0 1 -2 -1 4]
[0 0 1 -2 2]
[0 0 0 1 —4]
[0 0 0 0 1]

We can do the same for n = 5:

sage: n=H

sage: ps=list (Partitions(n))

sage: ps=list (reversed (sorted(ps)))

sage: ps

(5], [4, 1], [3, 2], [3, 1, 1],

1]]

sage: aa_list=[lambda2a(lam) for lam in ps]

sage: R=PolynomialRing (QQ, names=[’x’+str(i) for i in range(n)])

sage: el_list=[prod(elementary(i+1,n) ai for i,ai in enumerate(aa))

for aa in aa_list]

sage: mon_list=[prod(R.gen(i) ai for i,ail in enumerate(lam)) for lam

in ps]

sage: el_list

[x0°5 + 5*x0"4%xx1 + 10%x0"3%x1"2 + 10%xx0"2xx1"3 +...

sage: mon_list

[x075,

x0 " 4xx1,
x0"3%x1"2,

x0 " 3xx1xx2,
x0"2xx1"2%x2,
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x0 " 2xx1%x2%x3,

x0#x1*x2%x3%x4 |

sage: M=matrix (len(ps), len(ps))
sage: M

o O O O o o O

o O O o o o
o O O O o o O
SO O O O o o o

0]
0]
0]
0]
0]
0]
0]

0
sage: for i in range(len(ps)):

for j in range(len(ps)):

M[i,j] = el_list[i]. monomial_coefficient(mon_list[]])

sage: M

[ 1 5 10 20 30 60 120]
[0 1 3 7 12 27 60]
[0 0 1 2 5 12 30]
[ 0 0 0 1 2 7 20]
[0 0 0 0 1 3 10]
[0 0 0 0 0 1 5]
[0 0 0 0 0 0 1]
sage: M.inverse ()

[1 -5 5 5 -5-5 5]
[0 1 -3-1 5 1 —5]
[0 0 1 -2-1 5 —5]
[0 0 0 1 -2-1 5]
[0 0 0 0 1 -3 5]
[0 0 0 0 0 1 —5]
[0 0 0 0 0 0 1]
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Recall that the inverse matrix can be used to express the elements of the monomial basis in terms
of e;. For instance let us use the first row of the matrix M ~1:

sage: el _list[0]—5xel_list[1]+5xel_list [2]+5xel_list[3]—Hxel_list
[4] —5*el_list [5]+5xel_list [6]
x0"5 + x1°5 + x2°5 4+ x3°5 4+ x475

6.2. Using SymmetricFunctions in SAGE. SAGE has a library for symmetric functions in
infinitely many variables, so we do not need to do the computations by hand. Here are some

examples:

sage: Sym=SymmetricFunctions (QQ)

sage: Sym

Symmetric Functions over Rational Field

sage: ee=Sym.elementary ()

sage: ee

Symmetric Functions over Rational Field in the elementary basis
sage: mm=Sym.monomial ()

sage: mm

Symmetric Functions over Rational Field in the monomial basis
sage: mm|[3,2]

m[3, 2]

sage: mm[5]

m[5]

6.3. Power series identities. SAGE can compute with formal power series (to a given finite
number of terms), as we had in Section |5} We check the identities of Proposition

sage: Rt.<t>=PowerSeriesRing (QQ)

sage: Rt

Power Series Ring in t over Rational Field
sage: 1/(1—t)
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14+t +t"2+t34+t44+t5+t76+t"7+t"8+t"9+t710+ t711 +
t712 + t713 + t°14 + t715 + t°16 + t°17 4+ t°18 + t°19 + O(tAQO)

sage: Rt.<t>=PowerSeriesRing(R)

sage: Rt

Power Series Ring in t over Multivariate Polynomial Ring inm x0, x1, x2
, x3, x4 over Rational Field

sage: E=sum(elementary (i,n)xt"i for i in range(1,6))+1

sage: 1/E4O(t"4)

1+ (—x0 — x1 — x2 — x3 — x4)*t + (x072 4+ x0*x1 + x1°2 4+ x0%x2 + x1%x2
4+ x272 + x0%x3 4+ x1*x3 + x2%xx3 4+ x3°2 + x0xx4 + x1*x4 + x2xx4 4+ x3
xx4 + x472)%xt°2 + (—=x0"3 — x0"2xx1 — x0%x1"°2 — x1°3 — x0"2%xx2 — x0=x
x1xx2 — x172%x2 — x0%x272 — x1%x2"2 — x2°3 — x0"2xx3 — x0*x1*x3 —
x1"2xx3 — x0*x2%xx3 — x1*x2%xx3 — x2 2%xx3 — x0*xx372 — x1%xx3"2 — x2%x3
"2 — x373 — x072*%x4 — x0xx1*xx4 — x1"2%xx4 — x0*xx2xx4 — x1*x2%x4 — x2
"2xx4 — x0%xx3*xx4 — x1*x3*%x4 — x2xx3xx4 — x372xx4 — x0%x4"2 — x1xx4
"2 — x2xx472 — x3xx4°2 — x473)xt"3 + O(t"4)

sage: log (E+O(t"4))

(x0 + x1 + x2 + x3 + x4)*t + (—=1/2xx0"2 — 1/2xx1"2 — 1/2%xx2°2 — 1/2xx3
"2 — 1/2xx47°2)%t72 + (1/3%xx0°3 + 1/3%xx1"3 + 1/3%x2"3 + 1/3%x3"3 +
1/3%xx4°3)*t"3 + O(t"4)

6.4. More combinatorics. The entries of matrix M are positive integers, and so they should
have some combinatorial interpretation. As an exercise, we suggest to find such an interpretation.
Let us look at M for n = 6:

1 6 15 30 20 60 120 90 180 360 720
01 4 9 6 22 48 36 78 168 360
00 1 2 2 8 18 15 34 78 180
00 0o 1 0 3 10 6 18 48 120
oo 0 o0 1 3 6 6 15 36 90
00 0 0 0 1 3 3 8 22 60
00 0 0 0 O 1 0 2 9 30
00 0 0 0 O 0 1 2 6 20
00 0 0 0 O 0 O 1 4 15
00 0 0 0 O 0 O 0 1 6
00 0 0 0 O 0 0 0 0 1
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We can notice 2 extra zeroes: one in position My 5, and another one on M7g. This correspond
to pairs of partitions (4,1,1),(3,3) and (3,1,1,1), (2,2,2). Explanation for these zeroes is given
by the dominance order on partitions.

Definition 6.1. If © and A are partitions of n, we say that u dominates A (denoted p = \) if for

i i
Z i = Z Aje
=1 =1

all 7= we have

We treat p; as zero if j > I(u).
It turns out that

Proposition 6.2. M; ; # 0 if and only if AD = A0 where N denotes the partition correspond-

ing to the row i of the matrixz M.

If A® = X0 then A® greater than AY) lexicographically, so i < j, but the inverse statement is
not true. Indeed, we have (4,1, 1) is greater than (3, 3) lexicographically, but not in the dominance
order. This explains the zeroes.

In the rest of the class we try to sketch proof of Proposition [6.2

7. SCHUR FUNCTIONS (LECTURE 3)

Let us begin by recalling the Vandermonde formula:

Proposition 7.1. For any n > 1 we have

det(z] P = [ (zi—=y).

1<i<j<n

Proof. The matrix on the left hand side looks like

n—1 n—2
xl xl .« o e 1
R PR |
D(z) = .
xﬁfl xﬁd 1

First observe that setting x; = x; for any ¢ # j makes the determinant zero. Therefore the
determinant, as a polynomial in x1,...,z; must be divisible by x; — ;. Since all differences
x; — xj are relatively prime, it must be divisible by the product
A(z) := H (x; — xj).
1<i<j<n
So we have D(x) = A(z)U(x) for some polynomial U(z). We have that A(z) and D(z) are both

homogeneous of degrees (Z) So U must be constant. Finally we notice that the main term of
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both sides is given by

n—1_n—2
Ty Ty o Tp—1-

So we necessarily have U(x) = 1. O
We will use the notation
1<i<j<n

It is interesting to consider the generalized Vandermonde determinant for any sequence a =
(a1y...,an), a1 >ag > ...>a, > 0:

ai a2 a
a1 a2 an

X X X

. aj\n 2 2 2

(7.1) Da(x) = det(7)},_y = det | > .
xit g2 xdn

Let us first list some properties of D,(x) that are clear from the definition:
(i) Dq(x) is a homogeneous polynomial of degree >, ; a;.
(ii) For any i < j we have Dg(x1,..., %4, ..., &j,...,Tn) = —Dg(z1,..., 25, ..., Ti ..., Zn),
i.e. Dy(x) is antisymmetric.
(iii) In particular, if we set x; = x; for ¢ # j, then D, (z) vanishes.
(iv) The main term of D,(x) is z{* -+ -z,

From the property (iii) we know that D,(z) is divisible by A(z). Let us denote

D,(z)
U —
AW
Now we have U,(x) € Syngizlai_(Z). Notice that for a partition A we can define a sequence

a by a; = \j + n — i (we define \; = 0 if ¢ > [()\)). Then we obtain a sequence satisfying
ay > ag > ... > a, >= 0. In fact, this is a bijection between partitions of length <= n and

strictly decreasing sequences of length n.

Definition 7.2. For any partition A we define the Schur function in n variables by

SA(T) := Uxj4n—1,204n-2,... 2, (T).

Proposition 7.3. (i) For any partition \ of length < n we have s)(z) € Symw.

(i) For any X\ € P the following rule defines a symmetric function in infinitely many vari-

ables, for any n > 1 we set

sx(@1, .., xn) (n>1(N)

SA(T1, ..., an) = 0 (n <1(\).

(iii) If n < I(\), the main term of sx(x1,...,zy) is xi‘l cee T
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Proof. The property (i) follows from the fact that both D,(x) and A(x) are anti-symmetric.
To prove (ii) we need to show that for A of length < n we have

sx(1,-- -, xn—1) (I(A) <n)

0 otherwise.

S)\(l'l, ey n—1, 0) =

Suppose [(A) > n. Then for the corresponding sequence a we have a,, > 0, so the determinant
(7.1)) vanishes. If on the other hand I(\) < n, then a, = 0. In this case we obtain

Do(z1,.. ., 2n-1,0) =21 2nDay—1,a0—1,.am_1-1(Z1, - -, Tn—1),

which leads to the right formula also in this case.

To prove (iii) we just divide the main term of D,(z) by the main term of A(z). O

Now it makes sense to ask how to express sy in terms of other symmetric functions. We have

Theorem 7.4 (Jacobi-Trudi formula). For any partition \

1)

(7.2) sx = det(hy i) ;215

where we set hg =1 and h; =0 for i < 0.

Proof. Let us expand Uy (z) in x1. First we expand the determinant (7.1]) in the first row:

n

D“(x) = Z(_l)i_lxclbiDa17-~-7¢fz‘7-~-7an (x% cee vxn)-

=1

Here we denote by a1,...,a;,...,a, the sequence obtained by throwing a; away. We also write

Axy, ... on) = A2, ..., 2p) H(xl — ).

i=2
Dividing one by the other we obtain a formula that allows us to compute U, recursively in the n:
Z?:l(_l)iilxtlli Ua17~-~7@7--~,an (x% cees wn)
[Tis (@1 — i)

The difficulty is that we have to divide one polynomial by another. To calculate this division we

Uud(z) =

use the following idea: we first replace z; by z~! and then expand everything as a power series

in z. Then we will use the fact that the result of the division is a polynomial in z~ 1.

n n—1
— i1 —a. z
Ua(z 17 Z, ... ,J?n) = ( § (_1)71 12 aZUala---,é\iy---aan (1'2, ce 7'Tn)> Hn :

pat (1 —xi2)
Using (5.1) we can write

1
— h/ k
11— :2) 2> h
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where we have denoted hj, = hy(x2,...,2y,). So we have the following power series expansion of
Ud(z71, .. )

n o
Ud(z7Y 2o, ) = Z Z(—1)Z_lzn_l_ai+kUal7_.’51.7__7% (g, ... o)l
i=1 k=0
On the other hand we know, that this expression must be a polynomial in =%, x9, ..., 2,. So the
terms with n — 1 — a; + k£ > 0 must cancel out. We obtain

n a;+1—-n

aj+1—-n—k /
Ud(z1,22,...,20) = Z Z xy Uay,ayan (@250 Ty By
i=1 k=0
Using the formula h; = Ef:o ;xlf_’ we can simplify it to

n

(7.3) Ua(1, 22, 20) = 3 (1) hap1-nUay.oooan (T2, - Tn)-
=1

Now we can complete the proof by induction on n. We want to show that Uy (z) = det(hq,+j—n)7j—1-
So we can assume that this identity holds for the terms Uy, & 4. (22,...,2y,). Then (7.3) can
be recognized as the expansion of a following determinant in the first row:

/ /
hCLl‘H—TL h‘a1+2—n s a1+n—n
/ /
hagy+1-n ha2+27n s ha2+nfn
Ua(21,...,2y) = det ) ) i
/ /
hap+1-n hanJern s han+nfn

This is almost what we need to show the formula for U,. The only problem is that we need to
replace b’ by h. We have hy = hj + x1hj_1 for any k'inZ. So multiplying the first column by z;
and adding it to the second will not change the determinant, and transform h’ into h. Proceeding
in this way column by column we obtain the identity U,(z) = det(haiﬂ,n)zj:l, which directly
translates into the required identity for s)(x). O

Remark 7.5. Notice that in Theorem @ we can replace A by a sequence Mg, ..., N\x),0,...,0
with arbitrary many zeros. Indeed, if A, = 0 then the last row of the matrix in ([7.2]) looks like
(0,0,...,0,1), so the determinant can be replaced by a smaller one.

8. EXPERIMENTS WITH SCHUR FUNCTIONS (PRACTICE 5)

As before, we try to implement Schur functions by hand first, and later we will use the corre-
sponding SAGE library.
The number of variables is N = 4.

sage: N=4
sage: R = PolynomialRing (QQ, names=[’x’+str(i) for i in range(N)])
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sage: R

Multivariate Polynomial Ring in x0, x1, x2, x3 over Rational Field
sage: xs = R.gens|()

sage: Xs

(x0, x1, x2, x3)

We write the function schur step by step to see the intermediate results

sage: def schur(lam):

cee lam = list (lam)

ce while len (lam )<N:

cee lam . append (0)

ct for i in range(N):

cee lam[i] += N-1-i

ce print lam

sage: schur ([2])

5, 2, 1, 0]

sage: def schur(lam):

cee lam = list (lam)

ce while len (lam )<N:

cee lam . append (0)

cet for i in range(N):

cee lam[i] += N-1-i

coat a = lam

M = matrix (R, N, N)

cee for i in range(N):

cet for j in range(N):
cet M[i,jl=xs[i] a]]]
ceea print M
sage: schur ([2])
[x0°5 x0°2  x0
[x1°5 x1°2 x1
[x2°5 x2°2  x2
[x3°5 x372  x3
sage: def schur0 (lam
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lam = list (lam)

while len (lam)<N:

lam . append (0)

for i in range(N):

- lam[i] += N-1-i

a = lam

M = matrix (R, N, N)

for i in range(N):

for j in range(N):

c M[i,j] = xs[i] a[j]

return M. det ()

sage: schur0 ([2])

x075%x1"2xx2 — x072*%x1"5%x2 — x0"5*xx1%x2"2 + x0xx1"5*%x2"2 + x0"2xx1*x2
"5 — x0xx172%xx2"°5 — x075*xx1"2xx3 + x0"2xx1"5xx3 + x0"5xx2"2xx3 — x1
"hxx272%xx3 — x072%x275%xx3 4+ x172%x2"5xx3 + x0 " 5Hxx1xx372 — x0%xx1"5Hx%
x372 — x075%x2%x372 + x175%x2%x372 4+ x0%x275%x3"2 — x1%xx2"5%x3"2 —
x0"2xx1%x3°5 + x0%xx1"2%x3"5 4+ x0"2%x2%xx3"5 — x1"2*%x2%x3"5 — x0x*x2
"2%x375 4+ x1%x27°2%x3°5

sage: factor(.)

(=1) % (x2 — x3) * (—x1 4+ x2) * (x1 — x3) * (—x0 + x2) * (—x0 + x1) =*
(x0 — x3) * (x072 4+ x0xx1 + x1°2 4+ x0%x2 + x1*x2 + x2°2 + x0*x3 +
x1%x3 + x2%x3 + x372)

What we call schurO is not the Schur function yet, it is the determinant, we still need to divide
by A(z):

sage: def schur(lam):

ce res = schur0 (lam)

ce for j in range(N):

AU for i in range(j):

ce res /= xs[i]—-xs[j]

cea return res

sage: schur ([2])

x0°2 4+ x0xx1 + x1°2 + x0%xx2 4+ x1xx2 + x2°2 4+ x0*x3 + x1*xx3 4+ x2xx3 +
x3 "2
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sage: schur ([1])

x0 + x1 + x2 + x3

sage: schur ([0])

1

sage: schur ([])

1

sage: schur ([1,1])

x0xx1 + x0%x2 + x1%x2 4+ x0*xx3 + x1*x3 + x2xx3

sage: schur ([3])

x0"3 4+ x072%x1 4+ x0xx1"2 + x1"°3 4+ x0"2%x2 4+ x0*x1*xx2 + x1"2*xx2 + x0%x2
"2 4+ x1xx272 4+ x27°3 4+ x072%x3 4+ x0xx1*xx3 4+ x1"2*xx3 + x0%x2%xx3 + x1x*
x2%x3 4+ x272%xx3 + x0%x3°2 4+ x1%x3"2 + x2%x3°2 4+ x373

So we implemented the Schur function and computed a few examples. For instance, we can
recognize that s3 = hs, so = ha, 51 = h1, 51,1 = ea.
After we feel that we understand the definition of Schur functions, we can use the SAGE library.

We create various symmetric function bases:

Sym = SymmetricFunctions (QQ)
ss = Sym.schur ()

ss

hh = Sym.homogeneous ()

ee = Sym.elementary ()

mm = Sym.monomial ()
Then we try to expand Schur functions in various bases:

sage: ss[2]

s [2]

sage: ss[3]

s3]

sage: hh(ss[3])
h[3]

sage: hh(ss[4])
h[4]

sage: hh(ss[3,1])
h[3, 1] — h[4]
sage: hh(ss[4,1])



SYMMETRIC FUNCTIONS IN GEOMETRY 25

h(4, 1] — h[5]

sage: hh(ss[4,2])
hi4, 2] — h[5, 1]
sage: hh(ss[3,2])
h[3, 2] — h[4, 1]

We see that when the partition is given by a single number, we have s(;) = hy. When the partition

has two numbers, it is a 2 x 2 determinant consisting of hy. This illustrates Theorem [7.4]

sage: ee(ss[1,1])

e[2]

sage: ee(ss[1,1,1])
e[3]

sage: ee(ss[1,1,1,1])
e[4]

sage: ee(ss[2,1,1])
e[3, 1] — e[4]

Here we can notice that the Schur functions s(; 1) coincide with ey, and if we have 2 then we

probably obtain a 2 x 2 determinant. In fact, the following is true. Let w : Sym — Sym be the
algebra homomorphism that interchanges e; and hy for each k (by Proposition if it sends ey,
to hg then automatically hg will go to er). Then we have wsy = sy for any partition A where

X is the conjugate partition. The conjugate partition is defined by representing A as a diagram

consisting of rows of boxes of lengths A1, Ao, ..., and then applying the symmetry with respect
to the diagonal line. For instance, (1,1,...,1) goes to (k). (2,1,1) goes to (3,1), which explains
k
ones

the last computation. So there is a second Jacobi-Trudi identity:

I\
S\ — det(h/\;ﬂ,l)zg:)l,

Next, we express in the monomial basis. In the first two evaluations we match the computation

using the library with our own computation. Then we try to experiment.

sage: mm(ss[2,1,1])

3xm[1, 1, 1, 1] +m[2, 1, 1]

sage: schur([2,1,1])

x0"2xx1%x2 4+ x0%xx1"2xx2 + x0*x1%xx2"2 + x0"2*xx1%x3 + x0%xx1"2xx3 + x0 2%
x2xx3 4+ 3*x0xx1*xx2%xx3 + x1"2%x2*x3 + x0%xx2 " 2xx3 + x1%xx2"2xx3 + x0x
x1%x372 + x0*x2%x3"2 + x1xx2*x3°2

sage: mm(ss[3,1])
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+ 2+m[2, 1, 1] + m[2, 2] + m[3, 1]

(3, 2]

sage: mm(ss [3,3])

5+«m[l, 1, 1, 1, 1, 1] + 3*m[2, 1, 1, 1, 1] + 2+«m[2, 2, 1, 1] + m[2, 2,
2] +m[3, 1, 1, 1] + m[3, 2, 1] + m[3, 3]

sage: mm(ss[3,2,1])

16+m[1, 1, 1, 1, 1, 1] + 8xm[2, 1, 1, 1, 1] + 4sm[2, 2, 1, 1] + 2+m[2,

We see that the main term (appearing last) of sy is m), as we have proved. The coefficients are
always positive integers, which suggests that they may be counting some combinatorial objects.

It is not interesting to compute multiplication in the h, p, e bases:

sage: hh[2]xhh[3]

h{3, 2]
sage: hh[2]xhh[3]+hh[1]
h[3, 2, 1]

In the Schur basis it gets more interesting. First we try to multiply by s1 = e; = hy = p1:

s[4, 2,

It is surprising that the coefficients are always 1. Upon further investigation we notice, that
the partitions that appear in the expansion of s\s() are exactly the partitions whose diagram
contains A and one extra box. This is the first example of Pieri rules. We next try to multiply
by s(2) = h2, s@3) = hs3, etc.:

sage: ss[4,2]xss[2]
s[4, 2, 2] + s[4, 3

, 1] + s[4, 4] + s[5, 2, 1] + s[5, 3] + s[6, 2]
sage: ss[4,2,1]xss[2]



SYMMETRIC FUNCTIONS IN GEOMETRY 27

s[4, 2, 2, 1] + s[4, 3, 1, 1] + s[4, 3, 2] + s[4, 4, 1] + s[5, 2, 1,
1] + s[5, 2, 2] + s[b, 3, 1] + s[6, 2, 1]

sage: ss[4,2,1]xss[3]

s[4, 3, 2, 1] + s[4, 4, 1, 1] + s[4, 4, 2] + s[5, 2, 2, 1] + s[5, 3,
1, 1] + s[5, 3, 2] + s[5, 4, 1] + s[6, 2, 1, 1] + s[6, 2, 2] + s[6,
3, 1] + s[7, 2, 1]

sage: ss[3,2,1]*ss[3]

s[3, 3, 2, 1] + s[4, 2, 2, 1] + s[4, 3, 1, 1] + s[4, 3, 2] + s[b, 2,
1, 1] + s[5, 2, 2] + s[5, 3, 1] + s[6, 2, 1]

sage: ss[3,2,1]*ss[4]

s[4, 3,2, 1] + s[5, 2,2, 1] +5s[5, 3, 1, 1] + s[5, 3, 2] + s[6, 2,
1, 1] + s[6, 2, 2] + s[6, 3, 1] + s[7, 2, 1]

sage: ss[3,2]xss[2]

s[3, 2, 2] +s[3, 3, 1] + s[4, 2, 1] + s[4, 3] + s[5, 2]

Again we see that all coefficients are 1. How to describe the partitions that appear in the expansion
of sxsi)? This is given by the full set of Pieri rules. The expansion contains all the partitions
that contain A and k extra boxes, satisfying the following condition: no two extra boxes are on
top of one another. We do not prove Pieri rules yet. Notice that the e <+ A symmetry implies

existence of dual Pieri rules, with respect to multiplication by ey.

9. REPRESENTATIONS OF FINITE GROUPS (LECTURE 4)

We recall the main steps in the theory of representations of finite groups. Assume G is a finite

group of size |G|.

Definition 9.1. A representation of a group G is a vector space V with an operation g,z — g(x)
for g € G, x € V such that

(i) for a fixed g € G the map x — gz is linear,
(ii) for a fixed x € V we have 1(x) = z, where 1 € G is the unit element, and (g1g2)(x) =
91(g2(x)) for any g1, 92 € G.

If V is a representation of G and U C V is a sub-vector space of V such that GU = U, then
U is called a sub-representation. A sub-representation is said to be non-trivial if U # {0} and
U # V. If Uy, Us are representations of G' then the direct sum U; @ U, with the diagonal action

of GG is also a representation.

Definition 9.2. A representation V is irreducible if there is no non-trivial sub-representation
UcvV.
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We will only consider finite-dimensional representations.

The theory builds on two main lemmas:

Lemma 9.3 (Maschke’s theorem). IfV is a representation of G and U C V is a sub-representation,
then there exists another sub-representation U' C V' such that UNU' = {0} and U +U' =V,
equivalently V= U @ U’.

Proof. First construct an arbitrary linear operator ¢g : V. — V such that ¢o|y = Idy and
Im¢o = U. Then make it commute with the action of G by the following trick. Define p : V. — V
by
o) = g S oleala ) weV).
geG
Now we have ¢(z) =z for all x € U and Im ¢ = U. Moreover ¢(g(z)) = g(p(z)) for any g € G,
x €V. Let U = Ker . Then U’ is a sub-representation satisfying the required properties. ([l

Corollary 9.4. FEvery finite-dimensional representation can be represented as a direct sum of

wrreducible representations.

Definition 9.5. If V and V' are representations of G then the space of intertwiners Homg(V, V")

is defined as the subspace
Homg(V, V') = {f € Hom(V, V") : f(g(z)) = g(f(z)) forallge G,z € V.}

Lemma 9.6 (Schur’s lemma). If V', V' are irreducible representations of G then

(i) Homg(V, V') = {0} if V and V' are not isomorphic,

(ii) Homg(V,V) = {A1dy : A € C}.
Proof. Suppose ¢ € Homg(V, V'), ¢ # 0. Notice that Kerp C V is a sub-representation. Since
o # 0, Kerp # V. Hence Kerp = {0} and ¢ is injective. Similarly, In¢p C V' is a sub-
representation. Since ¢ # 0, Imp # {0}. Hence Imp = V', so ¢ is surjective. So ¢ must be
an isomorphism and we proved (i). Now suppose V and V' are isomorphic, so we can assume
V' =V. Let ¢ € Homg(V, V). If ¢ is not a multiple of the identity matrix, by Jordan normal

form theorem there is an eigenvalue A € C such that the A-eigenspace is non-trivial:
Ker(p — Aldy) ={z € V : gz = Xz} # {0}, # V.

On the other hand, Ker(¢ — AIdy ) is clearly a sub-representation. This is contradiction with the

assumption that V is irreducible. (|
For a representation V' and an element g € G we consider
Tr(g[V) € C,
the trace of g, viewed as an endomorphism of V. For a fixed V' the resulting function on G

g — Tr(g|V)
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is called the character of V.
Recall that the group algebra C[G] is defined as the space of formal linear combinations
> e fg9, with f, € C for any g € G. The multiplication is defined by expanding the brackets:

St | Do fa) = D) Fafle Z(thfh1>

geG geG g,heG geG \heG

We will now prove the first orthogonality relation:
Proposition 9.7. Let V, V' be irreducible representations of G. Then we have

1 oV, V' are isomorphic
ZTr V) Te(g|V') = ! P
1G] el 0 otherwise.

Proof. Compute the dimension of the space Homg(V, V') in two ways. On the one hand, by Schur
lemma
) , 1 if V, V' are isomorphic

dim Homg(V, V') =

0 otherwise.
On the other hand, consider Hom(V,V’) as a representation of G where for each g € G and
¢ € Hom(V, V)
(99)(x) = glp(g'z))  (zeV),

Then ¢ € Homg(V, V') if and only if ¢ = gp for all g € G. Consider the operator

e \G|Zg

geG

acting on Hom(V,V’). We have m2 = w. Therefore the space Hom(V, V") is a direct sum of the
0O-eigenspace and the 1-eigenspace for m. We can see that ¢ € Homg(V, V') if and only if m¢ = ¢.
Therefore the subspace Homg(V, V') is precisely the 1-eigenspace of 7. So we can calculate its

dimension by taking the trace

dim Homg(V, V') = Tr(x| Hom(V, V')) = Z Tr(g| Hom(V, V).

geG

For any A € Hom(V, V) and B € Hom(V’, V') the trace of the operator Hom(V, V') — Hom(V, V)
which sends ¢ to BpA equals Tr A'Tr B. Hence we have

Gl

Tr(g| Hom(V, V")) = Tr(g|V") Te(g~ ' |V).
So we obtain

dim Homg(V, V') = Tr(r| Hom(V, V') Zﬁ V) Te(g|V).

geG

Gl
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Let Irr(G) be the set of irreducible representations of G up to isomorphism. We construct

now a linear map from the center of the group algebra Z(C[G]) to the vector space of maps from
Irr(G) to C

® : Z(C[G]) — Maps(Irr(G), C), > fog | (V)= fyTr(g|V).
geG geG
Of course, we can also construct ® as the restriction to Z(C[G]) of the map C[G] — Maps(Irr(G), C),

defined by the same formula. The main theorem in the representation theory of finite groups is
Theorem 9.8. The map ¢ : Z(C[G]) — Maps(Irr(G), C) is an isomorphism of vector spaces.

Proof. For any irreducible representation V' define 7y € C[G] by

(9.1) m = 1 L Trle V.
geG
Then by Proposition ®(my) has value 1 on V' and 0 on any other irreducible representation.
This implies that the set of irreducible representations is finite and ® is surjective.
To prove injecivity of ® suppose f € Ker ®. On each irreducible representation V' the action
of f commutes with the action of any g € G. By Schur lemma, it must be given by some scalar

operator A¢y Idy. By the assumption, Tr(f|V) = 0. This gives
0="Tr(f|V)=ApydimV.

Therefore Ay = 0. So we see that f acts as the zero operator on any irreducible representation.
Since any representation can be represented as a direct sum of irreducibles, we have that f acts
as the zero operator on any representation, in particular on the representation C[G]. Hence
f=0. d

An element f = 3’ . fgg belongs to Z(C[G]) if and only if we have f; = fy -1 for any
g,h € G, in other words, if g — f; is a function on the set of conjugacy classes of G. So the
theorem above identifies two vector spaces Maps(Irr(G),C) and Maps(Conj(G),C), where we
denote by Conj(G) the set of conjugacy classes of G. Hence these vector spaces must have the

same dimension:

Corollary 9.9. The number of irreducible representations equals to the number of conjugacy

classes for any finite group G.

10. EXAMPLES OF GROUPS AND IRREDUCIBLE REPRESENTATIONS (PRACTICE 6)

We talk about abelian groups, cyclic groups, the smallest non-abelian group is S3. We describe
all irreducible representations in the case of a cyclic group. We introduce character tables and
show how the character table looks like for a cyclic group. Then we construct all 3 irreducible

representations of S3 and compute the character table
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11. SCALAR PRODUCTS AND THE FROBENIUS CHARACTER (LECTURE 5)

We continue studying the isomorphism

@ : Z(C[G]) - Maps(Ire(G). ), @ [ 3 fog | (V) = 3 £, Ta(g|V).

geG geq
For each V € Irr(G) let §y € Maps(Irr(G), C) be defined by
1 itvev,

Sy (V') =
0 otherwise.

Clearly, the elements 0y form a basis of Maps(Irr(G), C). So we introduce a symmetric bilinear

form on Maps(Irr(G), C) in such a way that {dy } form an orthonormal basis:

1 VeV,
(5‘/7 5V’) ==

0 otherwise.

Next we will transport the form to Z(C[G]) via ® and compute it there:
Proposition 11.1. Let (-,-) be the symmetric bilinear form on Z(C|G]) defined by

(f. f)) = (@(f),2(f)  (f.f € Z(CIG]).
Then we have for any f, f’
(f. f") = |G| coeft1 (f f).
Proof. Tt is enough to verify the statement for f = 7y, f' = my for any V, V' € Irr(G) (see )
Recall that ®(my) = dy. So we need to check

1 ifvev,
|G| coeffy (mymyr) =
0 otherwise.

For any other representation V' we have

1 : ~
T‘—V’V” _ qmV IdV// if V= V”,

otherwise.

Therefore, if V2 V' then mymy, = 0. If V= V', we have

% = ! T
Vo dimv Y
Directly from (9.1)), coeff;(my) = ﬁ dim V. Hence
|G| coefty (mymy) = G| coeffy (my) = 1.
dim V'
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11.1. Symmetric group. Suppose G = S, the group of permutations of 1,2, ..., n, also called
the symmetric group. We will connect Z(C[S,]) with the space of symmetric functions of degree
n. The conjugacy classes of S;, correspond to partitions as follows. Let o € S,, be a permutation.
Draw a graph with vertices 1,...,n and arrows going from ¢ to o(i) for each i. This graph is a
disjoint union of cycles whose lengths we record in a list A1, Ag,... such that Ay > Ao ---. This
is a partition of size n, which we denote by type(c) and call the cycle type of o. Conjugation
of permutations corresponds to relabeling of the vertices of the graph. This idea shows that the
map o — type(o) gives a bijection from Conj(S,,) to the set of partitions of size n.
Let Frobg : Z(C[S,]) — Sym" be the map sending

Z fgg — Z fgptypeg € Symnv

gGSn gesn

where for any partition A we denote py = [[, pa,-
Then we have for any V € Irr(S,,)

B 1 _
Froby @16y = -] ; Tr(o 1‘V)Ptypea'
[ n

1 so o and 0! belong to the same conjugacy

Note that for o € S,, we have typeo = typeo™
class and have the same trace.

More generally, for any representation V of S,, we define the Frobenius character by

1
(111) FrobV = E ZS Tr(a|v)ptypeo-
[eASIor

This is an important invariant of representations of .S, which we will study. In particular, we
will show that the irreducible representations go to the Schur functions.
We define the Hall scalar product on Sym™ by transporting the scalar product from Z(Z[S,])

via Frobg. Let us compute the scalar product in the power sum basis.

Proposition 11.2. For any f, ' € Sym" let (f,f') = (Froby' f,Froby! f'). Then for any
A, n we have

0 ifA£n
(p)\vpu) = .
o A=,

where
I(A)
=N #06 N =m},
=1 m
2y s the number of permutations o’ that commute with o where o is any permutation of type \.

Proof. Let ¢y = {o € S, : typeo = A\}. We have

FrobalpA:— ZO‘

1
|C’\| [ASISN
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Using Proposition [11.1] we obtain

G
(Pr, Pu) = ﬁcoePh Z o Z o |.
el - lcal
i
It is clear that for \ # u we get 0. If A = u, we obtain that for each o there is a unique o/ = ¢!
that contributes to the coefficient of 1. Therefore,

(px, ) = Jgﬂ'::ZA~
leal
The last identity follows from the fact that G acts on ¢ transitively by conjugation and the size
of the stabilizer of each element o € c) is z).
The formula for z, follows from the graphical representation of the permutation ¢ such that
typeo = A. Namely, z, is the number of automorphisms of the oriented graph which consists of
oriented cycles of sizes A1, Ag,.... The automorphisms can permute cycles of the same lengths,

and each cycle of length \; can be rotated in \; ways. O

12. CHARACTER TABLES OF FINITE GROUPS (PRACTICE 7)

A finite group in SAGE is represented as a permutation group, which means a subgroup of the
symmetric group 5, for some n. A subgroup is given by a list of generators. Each generator is
a permutation, which is given in the so-called cycle notation, that is the list of cycles. Cycles of
length 1 are omitted. Thus (1,2) is the permutation which permutes 1 and 2 and leaves the other
elements in place.

We start by implementing S3 by hand and computing its conjugacy classes and the character
table.

sage: G=PermutationGroup ([ (0,1), (1,2) ])
sage: list (G)

[0, (1,2), (0,1), (0,2,1), (0,1,2), (0,2)]
sage: G.conjugacy_classes ()

[Conjugacy class of () in Permutation Group with generators [(1,2),

(0,1)],

Conjugacy class of (1,2) in Permutation Group with generators [(1,2),

(0,1)],

Conjugacy class of (0,1,2) in Permutation Group with generators [(1,2)

, (0,1)]]

sage: G.character_table ()
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[1 -1 1]
[ 2 0 —1]
(1 1 1]

SAGE has many groups already built in. For instance, we have the symmetric groups:

sage: groups.permutation.Symmetric(3)

Symmetric group of order 3! as a permutation group

sage: groups.permutation.Symmetric(4)

Symmetric group of order 4! as a permutation group

sage: G=groups.permutation.Symmetric(4)

sage: G.character_table ()

1 1 1 1

age: G.conjugacy_classes ()

[Conjugacy class of cycle type [1,

1, 1, 1] in Symmetric group of

order 4! as a permutation group,

Conjugacy class of cycle type [2,
as a permutation group,
Conjugacy class of cycle type [2,
a permutation group,
Conjugacy class of cycle type [3,
a permutation group,
Conjugacy class of cycle type [4]

permutation group]

1, 1] in Symmetric group of order 4!

2] in Symmetric group of order 4! as

1] in Symmetric group of order 4! as

in Symmetric group of order 4! as a

To answer a question from the student we calculate the number of conjugacy classes in S, and

then look it up in OEIS.

sage: [len(list (groups.permutation.Symmetric(n).conjugacy_classes()))

for n in range(10) ]
1, 1, 2, 3, 5, 7, 11, 15, 22, 30]

There is the Rubik’s cube group, but it is too large:
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sage: G=groups.permutation.RubiksCube ()
sage: G.order ()

43252003274489856000

sage: G.order().factor ()

2727 % 3714 % 573 x 7°2 x 11

As a next example we pick some interesting group, for instance PGL(2,5), which is the group
of 2 x 2 matrices over F5, the field of residues modulo 5. Looking at the character table we notice

a similarity with Ss. It turns out, the two groups are isomorphic!

sage: G=groups.permutation .PGL(2,5)

sage: G

Permutation Group with generators [(3,6,5,4), (1,2,5)(3,4,6)]
sage: G.order ()

120

sage: G.character_table ()

1 11 1 1 1 1]

[

[1 -1 1 1 -1 1 —1]
[4 0 0-1-2 1 1]
[4 0 0-1 2 1 —1]
[5 -1 1 0 1 -1 1]
[5 1 1 0 -1 -1 —1]
[ ]

6 0-2 1 0 0 O
sage: G.is_simple ()
False

sage: G2=groups.permutation.Symmetric(5)
sage: G2.character_table ()

1 -1 1 1-1-1 1]

4-2 0 1 1 0 —1]

5-1 1-1-1 1 0
6 0-2 0 0 0 1
5 1

4 2 0 1 -1 0 -1
(1 1 1 1 1 1 1]
sage: G2.is_isomorphic (G)

[
[
[
[
[
[

True
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As a next exercise we recall the character table for S3 and the row- and column-orthogonality.

We compute the Frobenius character and obtain the Schur polynomial:

sage: Sym=SymmetricFunctions (QQ)

sage: f=(Sym.power()[1,1,1] —Sym.power()[3])/3
sage: f

1/3«p[1, 1, 1] — 1/3+p[3]

sage: Sym.homogeneous () (f)

h[2, 1] — h[3]

sage: Sym.schur () (f)

s[2, 1]

13. SCHUR FUNCTIONS ARE FROBENIUS CHARACTERS OF IRREDUCIBLE REPRESENTATIONS OF
SYMMETRIC GROUPS (LECTURE 6)

At this moment we have constructed the Frobenius character Frob, which associates to a rep-
resentation of S, a symmetric function of degree n. We also have a scalar product on Sym",
explicitly defined in the power sum basis, and we know that Frobenius characters of irreducible
representations are orthonormal. The number of irreducible representations is equal to the num-
ber of conjugacy classes, which is the number of partitions of size n. Therefore, the characters of
irreducible representations must form an orthonormal basis.

First we have to construct at least some representations of S,,. For each A - n we will construct
two representations Imdj\r and Ind) . First we define Indj by

Ind} = C[S,/S.

where Sy = Sy, X Sy, X -+ x S8 ey C S, is the subgroup which preserves the decomposition of
the sequence 1,2, ...,n into consecutive blocks of lengths Aj, Ag, .. ..

More explicitly, let a) be the sequence of length n
ay=(1,...,1,2,...,2,...),

where each i appears \; times. The group S,, acts on sequences of length n by permuting the

entries, and the stabilizer of a) is S):
U(a)\)za)\ & o €S

Thus S,,/S) can be identified with the set of all sequences that can obtained from ay by permu-
tations.

The representation C[S,,/S,] is defined as the vector space with basis {e,|a € S,,/S)}, and the
group S, acts on S, /Sy and therefore on the basis elements:

o(ea) = €s@) (a € Sp).
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The representaton Ind, is defined by
Indy = Ind;\r/ ® sign,
or more explicitly as a vector space with basis {e,|a € S,,/Sy }, but the action is “twisted”:
o(ea) = sign(o)es(q) (a € Sn/Sy).

We will prove

Theorem 13.1. (i) For each A b n there exists a unique irreducible representation Vy of
Sy which appears in both Indj\L and Ind, . Moreover, Vy appears in both Indj and Indy

with multiplicity 1.
(ii) If X > p in the lexicographic order, then the representations Indj and Ind,, do not have

any irreducible sub-representations in common.

The proof occupies the rest of the section. Our strategy is to reduce the statements to state-

ments about scalar products. The first statement is equivalent to the following:
(13.1) (Frob(Ind} ), Frob(Indy)) = 1

The second statement is equivalent to

(13.2) (Frob(Indj),Frob(Ind;)) =0 (pu>\).

So we first compute Frob(Ind} ), Frob(Ind} ) in terms of well-known symmetric functions. Note

that for A = (n) the representation Ind&) is the trivial representation.

Proposition 13.2. The Frobenius character of the trivial representation of Sy is hy,. We have
2y
2z

= hy,.
AFn

Proof. From the definition (11.1)), all the traces being 1 we obtain

Frob(Ind ] Z Ptype(c
gESR
For each A the number of permutations of type A is given by |c)| = 2. So we have
Frob Ind+ Z Ly
)\Fn

Consider the summand £* for a fixed A. Let n,, = #{j : \; = m}. Then we have

Px _ L (P
o H nm'(m)

z
A MmN, 70
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Now for the generating function we can write

(13.3) 1+ Zt” Frob Ind+ Z H . ( )nm )

n=1 n mnm7é0

where the summation goes over the set of infinite vectors 77 = (n1, ng, ...) of non-negative integers
with only finitely positive entries. Indeed, each such vector corresponds to a unique partition A
with n, = #{j : \; = m}.

Next we recognize that is the expansion of the product

o0 o0 [ee) oo
gmn P\ . tmpm
11> () = I eeom/my =esp | 52 =2 ).
m=1n=0 n' m m=1 m=1 m
which equals Y °_ hy,t™ by Proposition O

The case of a general induced representation is not far:

Proposition 13.3. The Frobenius character of Indi is
Frob(Ind}) = hx = [ ] a.-
i

Proof. Since each o € S, acting on Ind;\r permutes the basis elements, its trace equals to the

number of basis elements that are fixed by o. So we have
1
Frob(Indy) = ~ Z Piype(o) Tr(o] Ind) = — > Ptype(o)-
ocESh 0ESn,aESy /S, ca=a

The contribution of each a to the sum is the same, so we can replace all of them by the class of

the identity element. Then the condition ca = a translates to o € S):
|Sn/SA|
Frob(Indj) = nn! Z Ptypeo-
ogESH

We have |S,/S\| = Hni;\' Each o € S) corresponds to a sequence of permutations o; € Sy,
(1t =1,...,1(N\)), and the cycle type of o is obtained by putting together the cycle types of o;.
Thus the formula factors:

1
Frob(Ind';) = H oW Z Ptype o1 Ptypeos - H ! Z Ptypeo-
;i Al

" 01€8x;,02E8),, oESN,

By Proposition the value of the i-th factor equals hy,;. O
Tensoring by sign has the effect of replacing each h; by e;:

Proposition 13.4. The Frobenius character of Ind, is

Frob(Ind ) = ey.
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Proof. More generally, suppose we know the Frobenius character of some S,-representation V'
and we want to compute the Frobenius character of V' ® sign. For each o € S, the action of o
on V ® sign is the same as the action on V', but multiplied by the sign of o. Therefore,

Tr(o|V @ sign) = Tr(o|V) sign(o).
The sign of o can be related to the type as follows. If type(o) = A, then
sign(o) = (—1) S i1,

So let us define the operator w : Sym — Sym by sending any polynomial in p1, pa, ... to the same
polynomial evaluated at {(—1)*"'p;}r>o. By the construction,

Frob(V ® o) = wFrob(V).
Applying Proposition [5.1], we obtain whj = e and more generally why = e). Thus
Frob(Ind} ®sign) = e,

and the statement follows. O

To complete the proof of (13.1)) and ((13.2) we will need the following;:

Proposition 13.5. For any partitions A\, p of same size,

1 ifA=up,

(hAa m,u) = .
0 otherwise.

We will postpone its proof until the next lecture. Assuming Proposition the statements

(13.1) and (13.2) immediately follow from the expansion

Frob(Ind) ) = ey = my + (terms m,, with u < \),
which is precisely what we have shown during the proof of Theorem [3.3]
Note that also we do not know the character of V) yet, we know that it satisfies the following
property:
(13.4) Frob(Vy) = ex = my + (terms m,, with p < X).

Proof. This holds because V) appears with multiplicity one in Ind;\r, and it does not appear in
Indj; for pu > A. O

The property ((13.4) and the orthogonality uniquely determine Frob(V)) by the Gram-Schmidt
orthogonalization argument. By Proposition Schur polynomials satisfy (13.4]). So, in order
to show that Frob(V)) = sy, it is enough to verify that Schur polynomials are orthogonal. This,

together with Proposition [13.5 will be shown in the next lecture.
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14. EXAMPLES FOR THE INDUCED REPRESENTATION (PRACTICE 8)

We explicitly describe the induced representation Indgz. It is six-dimensional, we compute its

character and the Frobenius character, and check that it is h3. We have (by Pieri rules)
h% = 82,2 + 83,1 + S4.

It is clear how to see the trivial representation as a sub-representation of Ind;? The remaining
5-dimensional piece should therefore split into two representations as 2 4 3 corresponding to s2 o

and S3.1-
15. CAUCHY PRODUCT FORMULA (LECTURE 7)

In order to prove Proposition [13.5]and orthogonality of Schur polynomials, we will use a general
technique of reproducing kernels.

Suppose X is a vector space of dimension m endowed with a symmetric bilinear form (-, -).

Definition 15.1. Two bases a1, as9,...,a,, and by, bo, ..., b, are dual if
1 ifi=j,
(ai, bj) = ,
0 ifi#j.

The basic property is

Proposition 15.2. For each basis a1, ..., an there is at most one dual basis by, . .., by,. The form
is non-degenerate if and only if there exists a pair of dual basis. If the form is non-degenerate,

than any basis has a unique dual.

Suppose the form is non-degenerate and choose any pair of dual bases ai,as,...,a, and

b1,ba, ..., by. Define the reproducing kernel by
m

(15.1) K=Y aeb
i=1

Lemma 15.3. The tensor K depends only on the bilinear form and does not depend on the choice
of dual bases. Conversely, if for two sequences of vectors ay,...,am, bi,...,byn we have (15.1]),

then they are dual bases.

Proof. The main idea of the proof is to pick a third basis ¢y, ..., ¢, and show that for arbitrary
dual pair ai,...,am, b1,...,by, the matrix of K is the inverse of the matrix of the bilinear
form. 0

We will use the following idea. Suppose X is a finite dimensional subspace of the space of
polynomials in variables x1,...,2,. Then X ® X can be identified with a subspace of the space

of polynomials in z1,...,Z.,y1,...,Yyn by identifying

a1 .92 T1 .72 T
etz ool @ty ot € Cloy, ..., 2n] @ Clay, . .., 2y
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with
aa® alyltyn? o oyrt € Cly, .oy Ty Yty e Unl-
Now let us consider the case X = Sym? with the Hall scalar product. Let n > d. Then we
have Symi >~ Sym? and we can view the reproducing kernel of the Hall scalar product on Sym?
as a function in variables z1,..., %y, y1,-..,Yn, which we denote by K,;. By Proposition [11.2| we

have

) = Zp,\(xl, cos T)PA (Y1, - - ,yn)'

Kd(xla"'axn7ylu'” 2

A-d
This function makes sense also if n < d. Consider the generating function

[o¢]
K(xla"'axnayla"'ayn;t) — 1+ZKd(xla"'7'1;n7y17"'7yn)td~

n=1

Proposition 15.4 (Cauchy product formula). We have

n

1
K(ajl)"wmnayla"'ayn;t): H '
ij=1 1-— xiyjt

Proof. Notice that

oA(Z1, oy ) PA(YL, - -+ YUn) = DA(T1Y1, T1Y2, -« o TpYn),
where we have n? arguments x;y; on the right hand side. Then we can use Proposition m to
see that
Ka(x1, ..y Tny Y1y -5 Yn) = ha(Z1y1, 21y2, - - -, Tpn)-
Finally, use to write ), thy in the product form. O

Now we are ready to prove Proposition [13.5

Proof of Proposition[13.5 Using Lemma [I5.3] it is enough to show that

o0
(15.2) K(z1,...,Zn, Y1, Yn;t) =1+ thZhA(wh s Tp)MA(Y1s -5 Yn)-
d=1 A-d

By the product formula and (5.1)), we have

K($1, s Ty Y1y e 7yn7t) = H <1 + Z(yjt)khk(mla v 7xn)> .
j=1

k=1

ai, a2

Opening the parenthesis we see that the coefficient of y{'y5” - -- y%"tzi % jg precisely

Hhai(xlv N ,wn) = h/\(xl, N ,mn),

where ) is a partition obtained by sorting the sequence a1, ..., a, and removing zeros. So ((15.2])

is true. O
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We prove orthogonality of Schur functions in a similar way

Proposition 15.5. For any two partitions A, u of same size, we have

1 ifA=up,

(8xs Su) = .
0 otherwise.

Proof. Similarly to the proof of Proposition we need to show

[e.9]
(15.3) K(z1,..., %0, Y1, -, Yn;t) = thz Sx(1,- - Zn)sA (Y1, - -+, Yn)-
d=0 A-d
Denote the right hand side of (15.3) by RHS. Let M (x) be the infinite matrix of height n whose
i, j-entry is xg_l:
1 = 23 23
1 z9 a2 a3
M(z) = 2 T3
1z, 22 23

Similarly, let M (ty) be the infinite matrix whose i, j-entry is (ty;)’ . Then we have (see Section

7)
RHS A(@)A(y)tE) = S det Mq(2) det M, (ty),
0<ai<az<...<an
where M,(z) is the sub-matrix of M (x) formed by columns aq, ..., a,, and similarly for M, (ty).
By a linear algebra theorem, the right hand side can be written as the determinant of the product
matrix M (z)M (ty)*®. Although the product of infinite matrices is not well-defined, if we want
to compute the coefficient of t? for some fixed value of d, we need to consider only finitely many
elements in these matrices. So we can replace the infinite matrices by the truncated n x N(d)
matrices where N(d) is big enough. The product matrix has entries ﬁzyﬂ Hence
n
RHS A(2)A(y)t() = det (1) .
1-— :L'iyjt ij=1

Now we have an identity of rational functions that we need to prove. We can replace y; by y;/t
to get rid of y. So we are reduced to proving the following algebraic identity, which is left as an

det <1>n _ A(z)A(y) .
L=2iyj /) j= L1 (1 = wiy;)

exercise:

From the discussion in the end of Section we conclude

Theorem 15.6. For any partition A, the Frobenius character of the irreducible representation

Vy is s)y.
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16. SCHUR-WEYL DUALITY (LECTURES 8-9)

17. PRACTICE 9

Decompositions of FQ F, E® F ® E.

18. PRACTICE 10

Some more discussion about the proof of Schur-Weyl duality and how to describe GL,, repre-
sentations explicitly.

19. BRUHAT DECOMPOSITION OF GL,(C) (LECTURE 10)

We construct the Bruhat decomposition of GL,(C) and explain how it is related to under-
standing relative position of flags.

20. ALGEBRAIC MANIFOLD STRUCTURE ON THE GRASSMANNIAN (LECTURE 11)

We give a definition of an algebraic variety, similar to the definition of a smooth or complex
manifold. We cover Grassmannian by charts and show that it is an algebraic manifold of dimension
k(n — k). We define Zariski open, Zariski closed sets and algebraic dimension.

21. SCHUBERT CELLS (LECTURE 12)

We construct Schubert cell decomposition and show that cells are Zariski locally closed. We

also compute dimensions of cells.

22. PRACTICE 11

We compute Schubert cells of Gry(C*). We show that some intersections of cells of dimension

2 are zero.

23. POINCARE DUALITY AND BASIC PROPERTIES OF INTERSECTIONS (LECTURE 13)

Half of the lecture is used to explain the basic ideas behind homology, cohomology and Poincaré
duality. Then we prove that for |A|+|u| = k(n—k) we have (cy, c,) is 1 if p is the complementary
partition to A (x = A) and 0 otherwise. We also prove that the cells can intersect only if 1 C A.

24. INTERSECTING SCHUBERT CELLS IN SAGE (PRACTICE 12)

sage: FF=QQ
sage: K=3
sage: N=6

sage: def jumps(lam):

lam = list (lam)
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while len (lam)<K:

lam . append (0)

res = [N—-1—(lam[i]+K-i—1) for i in range(K)]
return res

sage: jumps ([])

(3, 4, 5]

sage: jumps([1])

(2, 4, 5]

sage: jumps ([2])

(1, 4, 5]

sage: jumps([1,1])

(2, 3, 5]

sage: def generic.matrix(lam):

a = jumps(lam)

stars = []

for i in range(K):

for j in range(N):

if j<a[i] and j not in a:
stars .append ((i,]))
return stars

sage: generic_matrix ([])

[
[(0, 0), (0, 1), (0, 2), (1, 0), (1, 1), (1, 2), (2, 0), (2, 1), (2,

2)]

sage: generic_matrix ([
[(0, 0), (0, 1), (1, 0
sage: generic_matrix ([
[(0, 0), (1, 0), (1, 2
sage: generic_matrix (|
[(0, 0), (0, 1), (1, O
sage: generic_matrix (|
[(0, 0), (1, 0), (1, 2
sage: jumps ([2,1])

(1, 3, 5]
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sage: def generic.matrix(lam):

a = jumps (lam)

stars = []

for i in range(K):

for j in range(N):

if j<a[i] and j not in a:
stars.append ((i,j))

names = [ nfd%d’%(stars[i][0], stars[i][1])

for i in range(
len(stars)) |

return names

sage: generic_matrix ([2,1])

['m00’, ’ml0’, 'ml2’, 'm20’, ’m22’, 'm24’]
sage: def generic.matrix(lam):

a = jumps (lam)

stars = []

for i in range(K):

for j in range(N):

if j<a[i] and j not in a:
stars.append ((i,j))

names = [ nbd%d % (stars[i][0], stars[i][1])

for i in range(
len(stars)) ]

ce R = PolynomialRing (FF, names=names)

M = matrix (R, K, N)

for i in range(K):

for i in range( en(stars)):
[0 i

M[stars[1i]
return M, R

], stars][i

J[1]] = R.gen(i)

sage: generic_matrix ([2,1])
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[m20 0 m22 0 m24 1], Multivariate Polynomial Ring in m00, mlO0,
ml2, m20, m22, m24 over Rational Field

)

sage: def mat_to_equations (M, mu):

res = []

mu=list (mu)

while len (mu)<K:

mu. append (0)

for i in range(K):

size = K-i

numcols = mu[i|+K-i-1

for ssl in Subsets(range(K), size):

for ss2 in Subsets(range(numcols), size):

ceel det=M. matrix_from_rows_and_columns (list (ssl),

res .append (det)

sage: mat_to_equations (M, [1])

[-m02*m11%m20 + mO0l*m12%m20 + m02+ml0*m2] — m00+ml12xm21 — mO0l+m10+*m22
+ mO00+*m11*m22]

sage: mat_to_equations (M, [1,1])

[-m02*m11%m20 + m0l*ml12%m20 + m02+ml10*m2] — m00+ml12*xm21 — mO0l+ml10+*m22
4+ m00*xm1l+m?22,

—mO01+*m10 + mO00+mll,

—mO01*m20 + m00+*m21,

—m11+m20 + ml0+*m21 |

sage: mat_to_equations (M, [3])

[-m02+m11+m20 + m0l*m12xm20 + m02+ml0+*m21 — m00*ml12*xm21 — mO0l+m10*m22
4+ m00*ml1l+m22,

—ml11x«m20 + ml0*xm21,

mO0l*m20 — mO00xm21,

—m12+xm20 + ml10+xm22,

mO02+xm20 — mO00*m22,

m20,
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—ml2+m21 + mll+«m?22,

m02xm21 — mO01xm22,

m21,

m22]

sage: mat_to_equations(M, [1,1,1])

[-m02+m1l*m20 + m0l*m12%m20 + m02+ml10*m21 — m00*m12+m21 — mO0l+m10*m22
4+ mO00*xml1l+*m22,

—m01l+ml0 + mO0*ml1,

—m01+m20 + mO00*xm21,

—m11*m20 + ml0xm21,

m00,

ml0,

m20 |

sage: mat_to_equations (M, [1])

[-m02xm11%m20 + m0l*m12*m20 + m02+ml0*m21 — m00+*ml12+m21 — mO0l+*ml10+xm22
+ mO00+xm11xm22]

sage: M,R=generic_matrix ([2,1])

sage: M

[m00 1 0o 0 0 0]

[ml0 0 ml2 1 0 0]

(m20 0 m22 0 m24 1]

sage: mat_to_equations (M, [1])

[m12%«m20 — ml0+m22]

sage: J=R.ideal (mat_to_equations (M, [1]))

sage: J.dimension ()

)

sage: R

Multivariate Polynomial Ring in m00, ml0, ml2, m20, m22, m24 over
Rational Field

sage: M,R=generic_matrix ([2,2])

sage: J=R.ideal (mat_to_equations (M, [2,2]))

sage: J.dimension ()

—1

sage: M,R=generic_matrix ([2,1])

sage: J=R.ideal(mat_to_equations (M, [3,2,1]))
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sage: J.dimension ()

0

sage: J.groebner_basis ()

[m00, ml0, ml2, m20, m22, m24]

sage: J.variety (QQ)

[{m24: 0, m22: 0, m20: 0, ml2: 0, ml0: 0, m00: 0}]

sage: J.variety (QQbar)

[{m00: 0, m20: 0, ml0: 0, m22: 0, ml2: 0, m24: 0}]

sage: J.variety (CC)

[{m24: 0.000000000000000, m22: 0.000000000000000, m20:
0.000000000000000, ml12: 0.000000000000000, ml10: 0.000000000000000,
m00: 0.000000000000000}]

sage: M,R=generic_matrix ([1])

sage: J=R.ideal (mat_to_equations (M, [1]))

sage: J.groebner_basis ()

[ml11+m20 — ml0*m21]

sage: R

Multivariate Polynomial Ring in mO00, mO0l, ml0, mll, ml3, m20, m2l, m23
over Rational Field

sage: M,R=generic_matrix ([2])

sage: J=R.ideal (mat_to_equations (M, [3,1,1]))

sage: J.groebner_basis ()

[m00, ml0, m20, m22, m23]

sage: R

Multivariate Polynomial Ring in mO0, ml0, ml2, ml3, m20, m22, m23 over
Rational Field

25. PIERI RULES AND THE COHOMOLOGY RING OF THE GRASSMANNIAN (LECTURE 14)

We compute triple intersections cy - ¢, - ¢(y and match it with Pieri rules, thus proving that

the map sending s) to c) is a ring homomorphism.

26. GEOMETRIC INTERPRET (LECTURE 15)
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